This paper investigates the behaviour of a receding contact when a cylindrical indenter presses an unbonded layer resting on a substrate. The problem is analysed by using FEM within the scope of the linear theory of elasticity and under the assumption of plane strain. This paper presents new and original results in the analysis of influence of load intensity and indenter geometry on the contact parameters. In addition, in the investigation into material properties a reference analysis was carried out for the case of material similarity between all three bodies, and material properties were subsequently varied for each body. This class of problems shows nonlinear behaviour, with both contact pressure distributions and contact half-widths found to depend nonlinearly on the applied load. The experimental analysis was carried out by employing the digital image correlation method and the ARAMIS 4M system was used. The obtained measurement results show good agreement with the numerical results.
Introduction
In a great majority of contact problems the area of the contact surface increases with deformation as the intensity of the applied load increases. However, a separate class of conforming contact problems deviates from this behaviour; in these cases the contact area shrinks with the application of load and such a contact is referred to as a receding contact. In a more precise definition given by K. L. Johnson, a receding contact is one where the loaded contact area is completely contained within the unloaded contact area [1] . Receding contact typically occurs in problems of unbonded layers pressed against a substrate. This type of structural problem is mainly encountered in foundations, pavements and railways, but it has also been studied in connection to tilting pad bearings and resistance spot welding problems.
The receding phenomenon for the layer-substrate type of problems was predicted quite early, in 1903 by Filon [2] , who investigated the behaviour of beams under various types of bending. Among those he investigated the problem of an elastic block of a rectangular crosssection pressed into a smooth rigid plane by a concentrated load acting along a line of its upper surface transverse to its length, with the implicit assumption that the length of the block is sufficiently greater than the block height h. His analysis predicted the occurrence of tension, instead of pressure, at a distance approximately 1.35h away from the point of the application of the concentrated load. This finding pointed to the conclusion that separation between the two contacting surfaces must take place when load is applied.
Few experimental measurements were made over the course of an entire century. Filon reported in [2] that experiments with blocks made of rubber showed that the phenomenon of receding contact is real; although he did not refer to the fact that rubber is not an isotropic material, the results for contact half-width were of the order of his prediction of 1.35h. Some experimental studies on this subject published in later decades known to the authors are the photoelastic studies by Frocht in 1943, by Cocker and Filon in 1957, in which Filon's earlier results regarding contact width were confirmed to a reasonable degree, and by Durelli, Parks and Nørgård in 1973 [3] . The results given in [3] were interesting at the time to the extent that they revealed the inadequacy of earlier theoretical results, especially for the estimation of maximal contact pressure between the layer and the substrate, which proved to be significantly lower in reality than the values predicted by existing theoretical solutions.
This class of contact problems was thoroughly investigated in numerous analytical and numerical studies by many researchers over the last few decades. Weitsman [4] addressed the problem in a study of an elastic layer indented into a half-space by a point load, where the layer was modelled in accordance with the plate theory -this approach produced quite incorrect results, whose inaccuracy deteriorated by shrinking the contact area into a single point as the half-space would approach the properties of a perfectly rigid solid. Weitsman also analysed the plane case in [5] by treating the layer as an infinite beam resting on a half-space, but also failed to obtain good results. Keer, Dundurs and Tsai treated the problem in [6] by employing 2D elasticity theory equations for both the layer and the half-space and obtained results for the case of a symmetric distribution of load around the centre of the loading interval and then generalized their results in [7] to the cases when load distribution is not symmetrical; their result regarding the contact area width of approximately 0.85h is well below Filon's value. Gladwell also investigated the problem of an infinite beam pressed by a concentrated force in [8] and for small h obtained results in very good agreement with [6] . In [9] , Ratwani and Erdogan extend the problem by introducing a rigid cylindrical indenter into the model (instead of an assumed pressure distribution), and in [10] , Civelek and Erdogan for the first time take the elasticity of the indenter into account, however, they do not analyse explicitly the influence of load intensity on the contact width.
Among the researchers who tackled the problem using numerical methods, Garrido, Foces and Paris employed the boundary element method (BEM) in [11] under the assumption of small displacements, while Garrido and Lorenzana in [12] extended the results from [11] to the case of large displacements; here, the indenter was also replaced by an assumed pressure distribution. Garrido and Lorenzana obtained good agreement with analytical solutions from [6] for the case of small displacements, and rather noticeable difference for maximal contact pressures (17-18%) and contact width (cca 5%) for the case of large displacements. Kauzlarich and Greenwood made a 3D FEM analysis in [13] to investigate the case of a centrally loaded plate on both rigid and elastic base, and for the width of the contact area they obtained values in good agreement with [6] , i.e. significantly lower values in comparison to Filon's solution.
In later studies, Comez, Birinci and Erdol examined in [14] the case of two elastic layers resting one on top of another indented by a rigid stamp, with the bottom layer bonded to a rigid support; their approach allows for any profile of the indenter that can be described mathematically in closed form. The case of anisotropy was investigated in papers [15] - [17] , with particular reference to the results in [16] and [17] , where the layer was modelled as a functionally graded material (FGM). Ahn and Barber investigated the case of frictional contact [18] under cyclic loading, but they used a uniformly distributed pressure of constant width.
Numerical and Experimental Analysis of a Frictionless Receding B. Rončević, A. Bakić, J. Kodvanj Contact between a Cylindrical Indenter, Layer and Substrate Comez took friction on both contacting surfaces into account in [19] but somewhat simplified the problem by a rigid indenter. Some of more recent studies available in literature can be found in [20] - [23] . In [20] , Adibelli, Comez and Erdol investigated a receding contact of a coated layer, with emphasis on the influence of the coating to contact parameters. In [21] , Öner, Yaylaci and Birinci compared analytical solutions to a FEM solution for the case of two infinite layers supported by a Winkler foundation, obtaining nearly perfect agreement between the two solutions; in [22] , Birinci, Adiyaman et al. compared analytical and FEM solutions to the same problem, this time taking body forces into account as well. In [23] , Öner, Yaylaci and Birinci compared analytical solutions and FEM in a comprehensive analysis of two unbonded layers resting on an elastic half-space, but with the indenter taken to be rigid.
In this study, we consider the case of an elastic cylindrical indenter pressing an unbonded layer resting on an elastic support. The problem is modelled under the plane strain assumption and is assumed to be frictionless, implying that only compressive tractions can be transmitted on the contacting surfaces. All bodies in contact (indenter, layer and substrate) are assumed to be elastic and isotropic, with the elasticity of the indenter leading to continuous change of the contact width as load is increased. In Chapter 2, a brief description of the numerical model and the Femap software in contact modelling is outlined in the first part, and numerical results are presented and discussed in the second part. In Chapter 3, a description of the experimental setup and the procedure of the experiment preparation is given, followed by the experimental results obtained by digital image correlation method. Finally, in Chapter 4, a short discussion of the obtained results is presented and complemented by an outlook to future research.
Finite element analysis
2.1 Numerical model and contact modelling 2.1.1 Geometry of the problem and FE model
The structural problem investigated in this study is shown in Fig. 1 . The behaviour of the structure shown in Figure 1 is studied from three aspects: (i) the influence of geometry (by varying the indenter radius), (ii) the influence of material properties (by changing elastic constants of each body in turn) and (iii) the influence of load intensity. Two principal contact parameters, peak contact pressures and contact widths, are determined for each of the above mentioned variations of the model. In doing that, geometry variation is the reference frame within which all other analyses are carried out and their results compared.
As already stated above, different geometries are modelled only by the variation of the indenter radius R, while the remaining measures are kept in the same proportion as shown in Fig. 1 . Geometries for ratios R/h = 50, 100, 200 and 500 have been investigated. A referential analysis of each geometry is taken for the case when all three bodies have the same elastic properties: E = 200 GPa,  = 0.3. A detail of the mesh in the vicinity of the initial point of contact is shown in Fig. 2, clearly showing the uniform structuring of the mesh in the region where accuracy of the result is of utmost importance. 
Contact modelling in Femap
In order to analyse the transmission of forces between the contacting bodies shown in Fig. 2 , a slide line element was used as a much more versatile and flexible element property available in Femap compared to the limiting capabilities of gap elements. Slide line elements have the ability to deal with non-conforming meshing (node-on-element) and also allow large relative motion of the contacting surfaces in the tangential direction (i.e. along the slide line). Every slide line element can contain an arbitrary number of nodes lying on the lines/curves of both bodies that are in contact or that are expected to get into contact. The nodes of one body are designated as the master nodes and the nodes of the other as the slave nodes. A three-node (two master nodes M 1 , M 2 and one slave node S) slide line element is shown in Fig. 3 . Fig. 3 Three-node slide line element: ,  0 -current and previous surface coordinate,  n -penetration of slave node into the master segment,  t -sliding of the slave node on the master segment
(1)
The line segments joining two neighbouring slave or master nodes are called the slave or master segments. By default, the contact algorithm checks slave nodes for penetration into the master segments (see Fig. 3 ), which is referred to as unsymmetrical penetration. If better accuracy of the result is desired, both slave and master nodes can be checked for penetration, which is then called symmetric penetration [24] [25] . The algorithm uses the penalty method in imposing the displacement compatibility condition and calculating the contact forces.
Finite element analysis results
Distributions of contact pressures p n1 at the indenter-layer interface and p n2 at the layersubstrate interface are obtained as nodal values of the  y stresses from the FEM model, and for the initial geometry of R/h = 50 they are shown in Fig. 4 in dimensionless form. Hereafter, quantity a will denote the half-width of the indenter-layer contact and quantity b will denote the half-width of the layer-substrate contact. As can be seen from Fig. 4 , the forces between the indenter and the layer are transmitted over a significantly smaller area with a markedly higher maximal contact pressure. It is an expected result, which is in agreement with results from the available literature. Qualitatively similar results are obtained for the remaining R/h geometries (see diagrams in Appendix).
Influence of load intensity and indenter radius
If external load is applied gradually, the contact areas will gradually increase along with the peak contact pressures. This is to be expected since the geometry of the indenter forms a non-conforming contact with the upper surface of the layer. This phenomenon has not been investigated adequately in existing literature for the case of elasticity of all contacting bodies. 
Each geometry R/h was investigated for a series of gradually increasing loads  gr , namely 0.2 ; 0.4 ; 0.6 ; 0.8 and . Fig. 5 shows contact pressure distributions for these loads for geometry R/h = 50. Qualitatively similar diagrams to those presented in Fig. 5 are obtained for the remaining geometries (see diagrams in Appendix) and the consolidation of the results for maximal contact pressures and contact half-widths for all R/h geometries with respect to load intensity produces the diagrams shown in Figs 6 and 7. Figs 6 and 7 clearly show that maximal contact pressures and contact half-widths nonlinearly depend on the intensity of the applied load. This nonlinearity is not, however, very pronounced and for very high ratios R/h these functions approach linearity for maximal contact pressures, while for smaller R/h the functions of contact half-widths become almost perfectly linear. Fig. 7 indicates that the change in size of the contact area is actually very significant as the load increases, which to the best of the authors' knowledge is an aspect of receding contacts in layered structures not previously investigated in literature. Furthermore, it is also evident from Fig. 7 that the effect of load on the contact area gradually vanishes with the values of R/h decreasing (observe the curve slopes in Fig. 7 ).
There is an inherent duality in the presented results in that in the cases of both higher and lower values of the ratio R/h they simultaneously contradict and conform to the classical assumptions and simplifications about receding contacts in layered structures. Concentrated loads, flat punches and pressure distributions of constant width had been used extensively by
Numerical and Experimental Analysis of a Frictionless Receding B. Rončević, A. Bakić, J. Kodvanj Contact between a Cylindrical Indenter, Layer and Substrate numerous authors in the past in order to model the indentation of the layer in receding contacts -for that reason the conventional approach was to regard the extent of the contact area as independent of the level of loading, while the contact stresses were understood to linearly depend on load intensity [1, 6, 7, 18] . In contrast to that, by increasing R/h in the case of a cylindrical indenter the model asymptotically approaches the case of a flat punch as the limit case (i.e. R = ∞) of a cylindrical indenter and, while nearly obeying the assumption of linear dependence of contact pressures, the results at the same time markedly diverge from classical assumptions by rapid expansion of the contact area as external load increases. On the other hand, by decreasing R/h the model asymptotically approaches the case of a concentrated force (or a narrowly distributed pressure) on top of the layer -in this case, although the invariability of the contact area is increasingly evident with smaller R/h, the results diverge again from the classical assumptions by nonlinear dependence between contact pressures and load.
Finally, the influence of the indenter radius on contact parameters is displayed in Fig. 8 for the case of full load intensity, showing how the values gradually converge. 
Influence of material properties
Keeping in mind that the preceding considerations were restricted to the referential analyses of material similarity, it is also of interest to investigate the effect of material properties. For this purpose, the material properties of each of the three bodies were varied individually as shown in Table 1 , while the properties of the remaining two bodies were kept at the referential values (E = 200 GPa,  = 0.3). 
TRANSACTIONS OF FAMENA XL-2 (2016)
The values in Table 1 are taken in this particular combination so as to correspond to the values used by Iyer in his FEM analysis given in [26] for titanium, aluminium and epoxy resin, which are widely encountered in pin-plate connections in aviation industry. Interference/zeroclearance pin-plate connections are another class of receding contacts which are also studied by the authors in a forthcoming publication.
Three materials for each of the three bodies yield nine simulations for each of the four investigated geometries. This finally gives a total of 36 possible models and simulations, but it must be noted that not all of them were carried out. In several cases the convergence of the model was not possible due to the excessive compliance of the model in the case of the very small value of E. Therefore, some diagrams lack the curves pertaining to analysis 3 (as designated in Table 1 ) since the FEM model failed to produce good results. Figs 9-11 present the resulting pressure distributions for geometry R/h = 50, and qualitatively similar results for the remaining geometries are shown in Appendix. The following conclusions can be drawn from Figs 9-11: A. Lower values of modulus of elasticity of any of the three bodies produce larger contact areas and lower maximal values of contact pressures in comparison to the case of material similarity in the referential model. B. The indenter material exerts the greatest influence on the contact parameters at the indenter-layer interface. C. The substrate material exerts the greatest influence on the contact parameters at the layer-substrate interface. D. The layer exerts the weakest influence on the contact par. on either contact surface.
Comparison with existing results
A comparison of the obtained results with the results published in the available literature can be carried out only to the extent of similarity between the already existing research and the results obtained in this paper. As already emphasized, the presented results are mainly oriented toward uninvestigated aspects of behaviour of receding contacts in layered structures, so this comparison is somewhat approximate and limited in scope. This is all the more true since the usual approach is to simplify the model by introducing concentrated loads, by assuming constant load width or by modelling the indenter and/or support as rigid. These simplifications lend themselves to the variety of analytical approaches often used in literature, however, the numerical studies have not been as comprehensive as might be expected either.
As a suitable reference for comparison, from the geometry aspect of the problem and the aspect of material similarity, we shall use the results presented by Comez in [19] (figures 8 and 9 in the paper) for the case of R/h = 500. In order to compare the contact parameters in this particular case we must first recalculate the dimensionless quantities p(x)/(P/h) and G/(P/h) from [19] (with P being the force and G shear modulus) in order to correlate them with the quantities used here. Taking the material properties used in the referential analysis in this paper into account it is easy to calculate that the results in [19] must be compared to the results for R/h = 500 at load level σ gr = 0.385. Contact parameters for this load level are obtained from diagrams in Figs 6 and 7 and they are summarized with the results from [19] in Table 2 . The values given in Table 2 , although approximate, clearly show noticeable differences between the results. The principal difference in the approach in the present analysis is the elasticity of the indenter, whose deformation greatly contributes to the widening of both contact areas and consequently to a decrease in contact pressures. If the indenter is assumed rigid, upon loading all points would be displaced by the same amount, thus preserving the undeformed shape of the body. With elasticity taken into account the absolute value of the vertical displacement for any given load is the lowest at the indenter's tip point (i.e. the middle point of the circular edge); for instance, at the load level of 0.4 the outermost point of the circular edge undertakes a vertical displacement about 2.09 times larger than the displacement of the middle point, and this difference steadily progresses as the load increases.
Experimental analysis

Experimental model and measuring equipment
The experiment was carried out on a steel model manufactured for the specific purpose of this experiment, and the components of this model are shown in Fig. 12 . Loading of the model was carried out on a hydraulic powered static testing machine Messphysik Beta 50-5. The two lead screws of the testing machine are about 420 mm apart, which was the rough estimate for the upper width limit of the model.
The measurement method used in this experiment relies on the principle of digital image correlation (DIC) and for that purpose the optical system ARAMIS 4M was used, with the ability to measure both displacements and strains. This DIC system employs a 16-bit CMOS (Complementary Metal-Oxide-Semiconductor) camera with a one inch sensor.
The most important measurement characteristics of this system are given in Table 3 . Deformation and motion on the surface of the specimen can be detected provided that the surface is prepared by applying a stochastic speckle pattern (sprayed black and white colour) on the surface. Digital image correlation relies in essence on the ability of the software to compare sequences of digital images and deduce the displacements based on the calculated differences between the images in the sequence. 
Preparation of the experiment
The model was prepared first by spraying a stochastic pattern (or raster) on the side surfaces of all three bodies in the area surrounding the initial point of contact of the indenter. Since the side surface of the layer is only 0.5 mm thick, the measuring volume (area on which the measurement is done) had to be appropriately small.
The first step in the creation of the pattern is the application of white paint (background colour), on top of which black colour is sprayed, thus forming a stochastic pattern. Since the measuring volume must be small enough to enable the tracking of layer deformation, a speckle pattern of appropriate uniformity and density is required -i.e. the sprayed dots of the black paint must be small enough and must be dispersed in a reasonably uniform manner. For this task the black toner MicroGraphics TM for laser printers was used. The procedure is as follows: (1) the black toner is mixed with alcohol; (2) the mixture is homogenized for about 40 s by using ultrasound in the device Ultrasonic cleaner; (3) the thus obtained homogenized liquid is poured into a pneumatic Iwata High Performance Microbrush, which uses compressed air from a compressor tank to finely disperse the black colour on the white background colour.
The next step consists of adjusting the distance of the camera and focus of the lens. The measuring system is then calibrated for the measuring volume of 12×8 mm using the standard manufacturer's calibration object (calibration cube) CQ10×8.
In the final step three reference measurement points are defined on the layer within the ARAMIS software, as shown in Fig. 13 . The displacements of these measurement points uniquely characterize the deformation behaviour of the layer. Software and hardware settings used for this experiment are the following: measuring volume 12×8 mm, frame rate 1 frame/s, facet size 30×30 pixels, facet step 20×20 pixels, image resolution 2352×1728 pixels, 16 bit colour resolution.
Measurement and comparison with numerical results
The deformation behaviour of the layer was tracked while the compressive force was uniformly increased on the testing machine from 0 to 1500 N during a period of 35 seconds, followed by the phase of unloading. The positions of the three measurement points were recorded for each frame (intervals of 1 s) and the obtained displacement-time curves are shown in Fig. 14 . The calculation of load intensity was straightforward for each frame (load stage) since the testing machine and the ARAMIS software were synchronized during operation.
The maximal load intensity of 1500 N was determined as an approximate value for which yielding in the layer material might be expected. Although this is a non-Hertzian contact problem, this value was estimated by using the Hertz theory as the first approximation for the simple purpose of framing the parameters of the experiment.
The results of the DIC measurement are shown in Fig. 14. Load-displacement curves given in Fig. 14 show that the vertical displacement at point 2 is greater than the displacements measured at points 1 and 3. This is in good agreement with the behaviour of unbonded layers, in which external load ensues separation between the layer and the substrate and to the best of the authors' knowledge on this subject these results represent the first known DIC-based measurement of layer behaviour in receding contacts.
The measured displacements of reference points 1 and 3 are not identical, which must be attributed to the initial imperfections in the layer geometry and the inability to define these two points in a perfectly symmetrical configuration, since the points have to be selected manually. Therefore, for the purpose of comparison with the results obtained by the FEM analysis an approximate mean value between displacements 1 and 3 will be used.
A FEM model of the presented experimental model was constructed in Femap, and the displacements in the y direction for the nodes corresponding to the reference points 1 and 3 were compared. Displacements from the numerical model were taken for the load levels that correspond to the resultant force level of 500, 1000 and 1500 N. As a measure of comparison the difference of displacements y = y 2/3 -y 1 is taken and summarized in Table 4 . For lower values of the force the results obtained from the FEM model are in very good agreement with the experimental data. As the load increases, experimentally measured displacements tend to diverge from the FEM results. This can be attributed to two aspects of the experiment. Firstly, for the layer it was not possible to use a steel sheet that would be perfectly straight, which could significantly influence the behaviour and the final deformed shape of the layer. Secondly, considering the layer was quite thin (0.5 mm), it is likely that plastic deformations took place in the layer, given the fact that contact stresses dominate the stress field and that the stresses within the body can exceed the yielding point at seemingly modest load levels.
Conclusion and outlook
The behaviour of receding contacts in structures with a single unbonded layer was studied from three aspects: (i) the influence of geometry (i.e. ratio R/h), (ii) the influence of load level and (iii) the influence of material properties. The problem was considered within the frame of linear elasticity, all three bodies (indenter, layer and substrate) were considered Numerical and Experimental Analysis of a Frictionless Receding B. Rončević, A. Bakić, J. Kodvanj Contact between a Cylindrical Indenter, Layer and Substrate as elastic and plane strain was assumed for all numerical models. The obtained results show that the elastic indenter greatly influences the contact parameters and the obtained results markedly diverge from the solutions and models where the indenter is modelled as rigid, or where the indenter is replaced by a concentrated load or a predefined load distribution. Maximal contact pressures and contact half-widths prove in general to be nonlinear functions of load intensity, but the effect of this nonlinearity is not very pronounced and tends to disappear for large R/h when it comes to maximal contact pressures, as well as for small R/h when it comes to contact half-widths. These results present a novelty in this field of study and should be scrutinized in future research. When material dissimilarity is considered, it has been found that lower values of elastic constants of any of the three bodies in the model lead to the widening of contact areas and to a significant drop in maximal contact stresses. Furthermore, it has been shown that the indenter material exerts the greatest influence on the contact parameters at the indenter-layer interface, while the substrate material exerts the greatest influence on the contact parameters at the layer-substrate interface.
The experimental measurements support the validity of numerical models and the obtained results. The experimental data and the results obtained by FEM are in very good agreement as long as elastic stresses can be assumed with certainty. For loads that approximately correspond to the emergence of yielding in the material, the results diverge significantly.
Future research should be steered toward a more detailed investigation into material dissimilarity in the context of the results already obtained for the case of material similarity. In doing so, it would be possible to characterize the behaviour of receding contacts in layered structures in the entirety of its influencing factors, which lends itself to the formulation of approximate mathematical expressions that could be used as universally valid for such structures. In addition, the case involving friction on the contacting surfaces could also be considered as a further improvement to the model. Finally, since the described experiment was the very first experiment of this sort to be carried out, a repeated experiment with different, and perhaps bulkier layers could be undertaken. This does impose certain financial and logistic limitations as to the massiveness of the structure that would be tested, but it might provide additional insight into the validity and scope of application of the presented results.
APPENDIX
Appendix A Contact pressure distributions for different load levels 
